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Efficient Cell-Vertex Multigrid Scheme for the
Three-Dimensional Navier-Stokes Equations
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A cell-vertex scheme for the three-dimensional Navier—Stokes equations, which is based on central-difference
approximations and Runge—Kutta time stepping, is described. By using local time stepping, implicit residual
smoothing with locally varying coefficients, a multigrid method, and carefully controlled dissipative terms, very
good convergence rates are obtained for two- and three-dimensional flows. Details of the acceleration techniques,
which are important for convergence on meshes with high-aspect-ratio cells, are discussed. Emphasis is placed on
the analysis of the implicit smoothing of the explicit residuals with coefficients, which depend on cell aspect ratios.

Introduction

N recent years, considerable advancement has been

achieved in the numerical solution of the Euler and
Navier—Stokes equations. Nevertheless, existing computer
codes for the solution of the three-dimensional Navier—Stokes
equations require large computing times. In order to make
Navier—Stokes solutions useful in the flight vehicle design
process, substantial improvements in the efficiency and accu-
racy of the algorithms have to be made.

Finite-volume methods based on explicit Runge—Kutta
time-stepping schemes have been shown to be very efficient in
the solution of the Euler equations governing inviscid flows.!-2
They are in widespread use now. More recently, they have
been extended for a solution of the mass-averaged Navier—
Stokes equations. The convergence of the basic scheme to the
desired steady-state solution, however, slows down consider-
ably because of the time-step limitation associated with the
small mesh cells that are necessary to resolve the thin shear
layers. This drawback of the explicit scheme can be overcome
by applying several acceleration techniques, namely, local
time stepping, implicit residual averaging, and a multigrid
algorithm. Successful applications of these techniques have
been reported in Refs. 3 and 4 for two-dimensional flow, and
there has been partial success in three dimensions also.’

In the present work, a recently developed efficient and
robust finite-volume multigrid scheme for the three-dimen-
sional Navier—Stokes equations is presented. This method is
an extension of a code for the Euler equations as described in
Ref. 6. A cell-vertex discretization is employed rather than the
usual cell-centered discretization because an analysis of the
discretization errors indicates lower errors for meshes with
high stretching or discontinuities in slope. As the scheme is
based on central differencing, an artificial viscosity model is
used, which is specially designed for high-aspect-ratio cells.
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Also, the boundary treatment of the dissipative terms, which
is important for an accurate prediction of the skin friction, is
discussed. A multistage Runge—Kutta time-stepping al-
gorithm is used to advance the solution in time. The accelera-
tion techniques, which are applied to obtain faster
convergence, are discussed in detail. In particular, the implicit
smoothing of the explicit residuals has been tailored to high-
aspect-ratio cells and will be analyzed. Also, some special
procedures for ‘enhancing the performance of the multigrid
method are described. Numerical results for transonic flows
around the ONERA-M6 wing are given. Good convergence
behavior is obtained on a dense coordinate mesh of
289 x 65 x 49 points. It is shown that convergence to engi-
neering accuracy is obtained within less than 100 multigrid
cycles.

Governing Equations

The integral form of the mass-averaged Navier—Stokes
equations using nondimensional variables can be written as

g;J:[ WdV+J:[thS=0 n
|4 24

W = (p pu pv pw pE)”

where

is the vector of conserved quantities with p, u, v, w, and E
denoting the density, the Cartesian velocity components, and
the specific total integral energy. The quantity V denotes an
arbitrary control volume with the boundary 4V and the outer
normal #. The flux density tensor F may be divided into its
convective part F, and its viscous part F, as

F=F —F,

pui,, + pvi, + pwi,
(pu’ + p)i, + puviy, + puwi,
F.= | puvi, + (pv* + p)i, + pvwi,
puwi, + pvwi, + (pw? + p)i,
(puE + up)i, + (pvE + vp)i, + (pwE + wp)i,

0

_ Oxxly + 0,1, + 0,1,
F,= |0, +0,i, +0,i,
Oyl + o.zyly + azzlz

ILi, + T, +TLi,
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with
Hx = (uaxx + U0y, + wo,, — qx)ix
I, = (uo,, +vo,, +wo,, —q,)i,
I-Iz = (uazx + 00,y +wo., — qz)iz

The equation of state for an ideal gas is used to calculate the
pressure and temperature. That is,

2 2
p=6- o E-C52] 2a)
T=§ (2b)

The elements of the shear-stress tensor and heat-flux vector
are given by the constitutive equations for a Newtonian fluid
as follows:

2
Oxx = zﬂux - g ﬂ(“x + vy + Wz)

2
G,y =2uv, — 3 wu, +v, +w,)

2
0= 2#”2 - § ”(ux + v, + Wz) (3)

ny = ayx = .u(uy + Ux)

O-XZ = O-Zx = u(uz + WX)
oT oT oT
=—k—: =_k—, z=_k—
4~ 0x e oy ¢ 0z

The nondimensional viscosity u is assumed to follow an
empirical power law

y 1/2Moo T \0-75
=7 4
and the heat conductivity is
7 M
k = —e— 5
y—1Pr )

For turbulent flows, the laminar viscosity u is replaced by
u + u,, and pu/Pris replaced by u/Pr + u,/Pr,, where the eddy
viscosity p, and the turbulent Prandtl number Pr, are pro-
vided by a turbulence model. In the present work, the turbu-
lence model of Baldwin and Lomax’ and a nonequilibrium
model, which is a modification of the work of Johnson and
King,® are used.

Spatial Discretization

The discretization of (1) follows the method of lines, i.e.,
discretization in space and time is done separately. The do-
main around the aerodynamic body is partitioned with hexa-
hedrons. The discrete values of the flow quantitites are
located at the vertices of the mesh cells. The integral equation
(1) is approximated by the spatial discretization, yielding

d 1
d 1 Wl._l,k V x

iJ

(Qc i, jk + Qv i,jk + D, i,/}k) (6)

In the following, the net inflow of mass, momentum, and
energy associated with the convective terms Q. ;,, the vis-
cous terms @, , ;x, and the artificial dissipative terms D, ;, are
discussed.
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Fig. 1 Control volume around point (i, j,k).
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Fig. 2 Control volume in a plane grid.

Following Ref. 9, the discretization of the convective part
of the flux density tensor is outlined. In the three-dimensional
case, the eight cells surrounding a vertex form a super cell as
shown in Fig. 1. To simplify the discussion, a plane mesh is
shown in Fig. 2 where the super cell around a vertex (ij,k) is
given by the points 4, B, C, D, E, F, G, and H.

The surface integral of (1) over the convective part of the
flux density tensor is evaluated for each component cell using
an arithmetic average of the flux quantitites at the vertices to
determine the values on each of the cell faces. Then, the
resultant convective inflow of mass, momentum, and energy
associated with point (i,7,k) is computed by summing the
contributions of the component cells. It can be shown!® that
this discretization is first-order accurate if the normal vector
over each surface segment is smooth and the shape of the
segment approaches a parallelogram with grid refinement. On
completely smooth meshes, the discretization is second-order
accurate.

Next, the viscous fluxes required to determine the solution
at the point (i,j,k) are approximated using the auxiliary cell
with the dashed boundary shown in Fig. 2. Note that the
volume of the auxiliary cell is given by the volume of the
super cell divided by a factor of 8. The viscous fluxes contain
first derivatives of the flow variables, which are computed
using a local transformation from Cartesian coordinates to
the curvilinear coordinates &, n, and (, i.e.,

Lo dpon 3

e = 0k dox  Onodx oL ox

N

The derivatives @, ¢,, and ¢, are approximated using finite
differences, whereas the cell face vectors S;, §,,, and S, which
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are written as
S, = (Séxséysfz)r
S, = (5,8, S02) d
S, = (SCXSZySCz)T

and the volume V" are used to compute metric derivatives. If
¢, is to be approximated at (i + 1/2,,k), we obtain

(d)x)i +1/2,jk =

Be it 1720 Sexi 4 12w T OnPi v 12,0k St 4 12
+0:0i 4 12,0 Spxi 100

Vie12.k

(®

where ., J,, and &, denote central-difference operators in the
curvilinear coordinate directions. In practice, coordinate grids
for the resolution of viscous shear layers are highly stretched
in the direction normal to the layer, and therefore, a one-di-
mensional error analysis of the discrete approximation to the
viscous terms can give useful insight. In Ref. 4 it was shown
that the present scheme is first-order accurate on general
stretched meshes, and second-order accuracy is obtained on
smoothly stretched meshes. In the present version of the code,
the viscous terms have been simplified by taking into account
gradients in the direction normal to the viscous shear layers
only (thin-layer approximation).

In order to prevent odd—even point decoupling and oscilla-
tions near shock waves, and to obtain rapid convergence to
the steady state, artificial dissipative terms are added to the
governing discrete equations. The artificial dissipation model
considered in this paper is based on the work of Jameson,
Schmidt, and Turkel.! A blend of fourth and second differ-
ences is used to provide third-order background dissipation in
smooth regions of the flow and first-order dissipation at shock
waves, and is given by

D, ={D}—D{+D2—Dy+D}—DHW, 4 )

The second and fourth difference operators read
DW= VelZeis 1k - 82 12,1618 Wik (10)
D‘é Wi.j‘k = VE[I.fi + 12,5k 3§4+) 1/2,j,k]A/: Ve Ac Wi,j,k (1

where A, and V, are forward and backward difference opera-
tors in the & direction. In order to avoid excessively large
dissipation levels for cells with high aspect ratios and to
maintain the good damping properties of the scheme, a
variable scaling factor of the dissipative terms is employed,
which is an extension of the two-dimensional scheme of
Martinelli.* The scaling factor is defined as a function of the
spectral radii of the Jacobian matrices associated with the £,
n, and { directions and accounts for varying cell aspect ratios

Ifi+ 12, jk = 'l.fi+ 1/2,jk ° D, 1/2,j.k (12)

Ayi 1/2,j.k * l{' 1/2, .k *

ni + s Jy i+ 3 )
Breras=] +max[( j ) ’(A )}

j'{1‘#—1/2,/’,/( Ei+1/2,j.k

)“Ci+ 12,k = |ui+ 12,k S§i+ 1/2JJ<| + c‘s§i+ 1/2.j,k|

Ami v 172,55 = |"i+ vz Suis 12,7k | + c|S,,,»+ 1/2,j,k|

j’(i+ 172, 5.k = |"i+ 12,5k Sci+ 1/2,j,k| + C|Sci+ l/2.j,k|

where u; , ,, ;; denotes the velocity vector and ¢ is the speed
of sound. The use of the maximum function in the definition
of @ is important for grids where 4, /A, and 4,/4; are very
large and of the same order of magnitude. In this case, if these
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ratios are summed rather than taking the maximum, too large
dissipative terms are obtained, which will degrade the solution
and may destroy the convergence of the time-stepping
scheme. In general, coordinate grids around three-dimen-
sional configurations exhibit larger variations of the cell as-
pect ratio than two-dimensional grids. Therefore, somewhat
less freedom in the choice of the exponent a in three dimen-
sions has been observed. It has been found that the choice
o =0.5 yields a robust three-dimensional scheme. The co-
efficients ¢ and & use the pressure as a sensor for shocks in
the flowfield. They are defined as

2 _
Efl 12,5k = k¢ )max("n ks Yigks Vit 1, ks vi+2j,k) (13)
S WPi— 1,k 2Pi,j,k + Dk
ijk = |
Pi— 1kt 2Pkt Dis 1k

5544)- 172,k = max{O, [k(4) - @ ]}

P+ 1/2,)k

where k@ and k™ are constants. The dissipation operators in
the 5 and { directions are defined in a similar manner.

Boundary Conditions

At subsonic inflow/outflow boundaries, a locally one-
dimensional flow normal to the boundary is assumed. Ac-
cording to Ref. 11, the governing flow equations are lin-
earized around the values at the end of the previous time step,
and the characteristic variables corresponding to outgoing
characteristics are extrapolated from the interior. The charac-
teristic variables corresponding to incoming characteristics are
determined from the freestream.

At solid walls, the no-slip condition is enforced by setting

u=v=w=0 (14)

The continuity and energy equations are solved at the grid
points lying on the surface if we assume an adiabatic wall.
For the wall points, control volumes are formed by taking the
four nearest cells adjacent to the wall. The first derivatives,
which are needed at the wall for the evaluation of the viscous
terms, are obtained by one-sided difference approximations.
Hence, the treatment of the wall points is first-order accurate.
It has been found that the computed velocity distribution
near the wall may be significantly affected by the artificial
dissipative terms if the stencil of the dissipative terms normal
to the wall is not properly defined. The reasons for this are
the high grid stretching normal to the wall and the steep
velocity gradients of the turbulent boundary layer. When
solving the momentum equations at the grid point just outside
the wall at j = 3, the dissipation operator needs the dependent

variables just inside. The extrapolation formula
A,, Wina =W — W= 2Ar] Wizw— An Wik (15)

i

rather than the usual linear form
A,, Wi,l,k = An ",i,Z,k (16)

results in much less sensitivity of the solution to artificial
viscosity and has had no significant drawback on convergence
in the computations made so far.

Turbulence Models

Most of the computations in the present work have been
completed using the well-known turbulence model of Baldwin
and Lomax.” The model is based on algebraic equilibrium
expressions for the eddy viscosity in the inner and outer part
of the boundary layer.

Frequently, it has been observed that in separated flows,
the assumption of equilibrium of the turbulence is not valid.
Both convection and diffusion of turbulence have to be taken
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into account to allow for a more accurate determination of
the turbulent stresses. For this purpose, Johnson and King®
devised an extended eddy viscosity model for separated wall
boundary layers. They postulated that the viscosity of the
inner layer near the wall and the shape of the eddy viscosity
distribution in the outer layer may be accurately described
with algebraic relations if we assume equilibrium. The equi-
librium distribution of the outer layer, however, is multiplied
with a nonequilibrium factor in such a way that a transport
equation for the maximum shear stress in the layer is fulfilled.
Thus, the complete model is a nonequilibrium model of
turbulence. Here, a slightly modified version of this model is
used, which is particularly convenient for use in three-dimen-
sional Navier—Stokes codes. Details of the model and its
implementation are given in Ref. 12.

Time-Stepping Scheme

The system of ordinary differential equations that is ob-
tained by discretization in space is advanced in time with a
five-stage Runge—Kutta scheme. A hybrid scheme is used
where the artificial dissipative terms are evaluated on the first,
third, and fifth stages of the scheme. It has been shown? that
this scheme has a particularly large parabolic stability limit.
For computational efficiency, the physical viscous terms are
computed on the first stage and frozen for the remaining
stages. Details of the scheme are given in Ref. 4. The steady-
state solution is independent of the time step, and therefore,
the scheme is amenable to convergence acceleration tech-
niques.

Three methods are employed to accelerate convergence of
the basic explicit time-stepping scheme. These techniques are
as follows: 1) local time stepping, 2) implicit residual smooth-
ing, and 3) multigrid.

With local time stepping, the solution at each mesh point is
advanced at the maximum Ar allowed by stability. Both
convection and diffusion stability limits are included in the
computation of Az (see Ref. 12).

The stability range of the basic time-stepping scheme can be
extended using implicit smoothing of the residuals. This tech-
nique was first introduced by Lerat!® for the Lax—Wendroff
scheme and later devised by Jameson'* for the Runge—-Kutta
scheme. For three-dimensional flows, the residual smoothing
can be applied in the form

(1 —&:V:A)1 —¢,V,A )1 —& V. AR, =R, (17
where the residual R, is defined by

At
R, =, —(Q, — D),
m = %n S (@ — Do)

m=1,5 (18)
and computed in the Runge—Kutta stage m. Q,, is the sum of
the convective and diffusive terms, D,, the total artificial
dissipation at stage m, and R, the final residual at stage m
after the sequence of smoothing in the &, 5, and { directions.

The use of constant coefficients in the implicit treatment
has proven to be satisfactory (extending the CFL number by
a factor of 2 and 3) even for meshes with cells of high aspect
ratio, provided additional support such as enthalpy damping'
is introduced. However, the use of enthalpy damping, which
assumes constant total enthalpy throughout the flowfield,
precluded the solution of problems with heat-transfer effects.
The need for enthalpy damping can be eliminated by using
the variable coefficients ¢, ¢,, and ¢ that account for the
variation of the cell aspect ratio.

For this purpose, consider a cell where the edge lengths in
the £ and ( directions are much longer than in the # direction.
The explicit time step is limited by the characteristic wave
speed in the direction of the short cell edge. It is obvious that,
for an extension of stability, implicit smoothing is required in
the #n direction. If the same implicit residual smoothing is also
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applied in the other directions, where the characteristic wave
speeds are much smaller than the stability limit, the damping
behavior of the scheme, which is optimal at wave speeds near
the stability limit, is impaired. To overcome this problem,
Martinelli* has given formulae, which are functions of charac-
teristic wave speeds, for the two-dimensional smoothing co-
efficients. One extension of Martinelli’s form to three
dimensions is as follows:

L[ N 1+max(rs r5)F
) o, L[V 14+ maxiert) T 19
& max( 4{_N* 1+ max(rye,re) Y
([ N 1+ max(r=r¢) T
o L[V Lemang ) 19b
&, maX< 4{_N* 1+ max(r ' .r,,) (19b)
L[N 1+ max(rz*r;") T
) LN L maxtrzry) T 19
& maX<0 4{LN* 1+ max(rz' ") o

where N/N* is the ratio of the Courant—Friedrichs—Lewy
number of the smoothed scheme to that of the basic explicit
scheme; the quantities r,;, r,;, and r,, are defined as

Ay A &

Foe ==, P =—, re, =— 20
né A’f [44 A{ in j'r, ( )
and 4;, 4,, and 4, are the characteristic speeds defined in (12);
the range of the exponent is 0 < o < 1, and typically « = 0.5.
Note that throughout this section the subscripts &, #, and {
refer to coordinate directions. For a stability analysis of this
set of smoothing coefficients, we consider the scalar hyper-
bolic equation

—+a—+b—tc—=0 (21
X y z

which describes three-dimensional wave propagation. Using
central-difference approximations for the spatial derivatives,
we can write a semidiscrete form for (21) as

dw
At— =
dr

N,
—‘Eé Wis 1k — Wi 1ja)
“Ei(ng+1,k—wzj—1,k) (22)

4
—7(W2j,k+1_wzj,k+1)

where the Courant numbers

At At At
N§=A€7, N,,=/1,,—V—, N¢=1157 (23)
and
A:=a Ay Az, Ay =b Ax Az, e=cAxAy (29)

If we take the Fourier transform of (22), the following is
obtained:

A

d
At d—’: = —i(N, sin®, + N, sin®, + N, sin®,)%"  (25)

where the caret indicates a transformed quantity, and ®,, ©,,
and ©, are the Fourier angles for each coordinate direction. If
implicit residual smoothing is applied, then (25) is replaced
with

i
AL = zin (26)
dr
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and the Fourier symbol

. —i(N; sin®; + N, sin®, + N, sin®;) @7
BB B:

where
B: =14 2e:(1 —cos®;)
B,=1+2¢,(1 —cos®,) (28)
Br=142¢,(1 ~cos®;)

A sufficient condition for stability is
|Z| < N* forall ©,.0,,0, (29)

and N* is the Courant number of the unsmoothed scheme.
Let

4
F=F©,0,0,) =|N—l (30)
and
F=F(®§,®ﬂ,®g)
N N N,
= /(@) + 51 5(8,) + L h(®) €]}
where
sin® sin® sin®
f@)=——=, gO)=—"", WO)=—o>
4 ﬂ; n ,B,, C) BC
Clearly,
F<F (32)

and the maximum of F

N, N, N,
Fmax = Fmax=—1;/-*fmax+N—1gmax+1_v—;hmax (33)

By differentiating the functions f, g, and A with respect to @,
©,, and O, respectively, and determining where the deriva-
tives vanish, we find that

1

Jmax = —=—x= (34a)
V1+4e,
1
Bmax = T (34b)
" Vv 1+4e,
1
hmax:——— (34C)
V1 +4e
Thus,
_ N, I N 1 N 1
Frax=5 + te——= (39
N 1+ 4e, N 1 +4g, 1+ 4e,
If
|4
At=N——— 36
Ae+ Ay + A (36)
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and N;, N,, and N, of (23) are substituted into (35),

_ N 1 1
Fmaxz_
N* 1+ +ree /1 + 4,
N 1 1
o (37)
N*¥Ldrpe +ry /144,
N 1 1

+N*l+r;_§l +r571 /—_1+46§

So we need only to demonstrate that F,,, <1 in order to
satisfy the sufficient condition of (29) for stability. Suppose
that for simplicity, we take @ =b = ¢ =1 in the model prob-
lem. Then, the characteristic speed ratios of (20) can be
written as

Ax Ax Ay .
’nsz_y, fe =737 Twm =) (38)
Consider the case of large cell aspect ratio (AR) and let
rqe > 1, rpe =1 (i.e., meshes appropriate for solving the thin-
layer Navier—Stokes equations). Then, the residual smoothing
coefficients of (19) behave as

gé—>0 (39a)
I[/N1+r5\
—{— -1 39b
8"_’4[<N*1+r6n> ( )
6§—>0 (39¢c)

which is a one-dimensional smoothing. Substituting these
coefficients into F_,, of (37), we obtain

— 1
Frpr——<1 40
i (40)

and the sufficiency condition is satisfied. If r,, > 1 and r,; > 1
(i.e., both Ay and Az are small, which is the case for meshes
used for computing viscous flows over solid-surface juncture
regions), we get

g—0 (41a)
[N 1475,
= —1 41b
vl (i) o
1 N 14+r57\
= -1 41
85_’4[<N* 1+r;! (#10)
which is a two-dimensional smoothing. In this case,
_ 1 1
Fourx—— — =1 (42)
V4+rf, 1+r5”

and the stability condition is satisfied. One can also show
easily that the stability condition is satisfied for the corre-
sponding cases for small AR and for the case of AR =1.0
(Ax =Ay =Az). In order to determine that stability is
achieved for a full range of cell aspect ratios and Courant
numbers, a numerical investigation was performed. The sta-
bility behavior of the five-stage Runge—Kutta scheme with
implicit residual smoothing was studied for the model prob-
lem by systematically varying ©,, ©,, and ®, between 0 and
2n and taking A@; =A@, =AO, =2r/40. The maximum
modulus of the Fourier symbol Z was computed for cell
aspect ratios in the range of 103 to 10* and Courant number
ratios N/N* varying from 1 to 10°. The following two cases
were examined for each specified Courant number: 1) the
ratio r,, = Ax/Ay was varied and r,; = Ax/Az = 1; and 2) the
ratios r,. and r, were varied. In all cases, the stability
condition of (29), where N* = 4 for the five-stage scheme, was
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satisfied. These results and the analysis suggest that the
five-stage scheme considered here in conjunction with implicit
residual smoothing based on the coefficients of (19) is uncon-
ditionally stable (in the linear sense).

Some additional comments concerning the stability of the
five-stage scheme with implicit residual smoothing are appro-
priate. If standard third-order dissipation terms are intro-
duced into the model problem of (21), the unconditional
stability behavior is maintained. However, as the Courant
number becomes large, the contribution of the dissipation
terms to the Fourier symbol goes to zero; and consequently,
the high frequencies are undamped. Thus, the practical limit
for the Courant number is determined principally by the
requirement for good high-frequency damping characteristics,
which allows the construction of an effective driving scheme
for a multigrid method. Typically, values around 2 are used
for N/N*.

Finally, a multigrid method is employed that is based on

the work of Jameson.? For the multigrid process, coarser
meshes are obtained by eliminating every other mesh line in
each coordinate direction. The solution is transferred to
coarser meshes by injection. Residuals are transferred from
fine to coarse meshes by a weighted average over the fine-
mesh grid points that are nearest to the point on the coarse
mesh. A forcing function is constructed so that the solution
on a coarse mesh is driven by the residuals collected on the
next finer mesh. This procedure is repeated on each succeed-
ing coarser mesh until the coarsest mesh is reached. Then, the
corrections are transferred to the next finer mesh by trilinear
interpolation. A fixed W-type cycle is used to execute the
multigrid strategy. The robustness of the multigrid scheme is
greatly improved by smoothing the total corrections before
the solution is updated. That is,

We+D = oy AW, (43)

where
AW, =AW+ AW

The quantity AW, is the solution correction from the finest
grid, and AW, is the resultant solution correction from the
coarse grids. The smoothing reduces high-frequency oscilla-
tions introduced by the linear interpolation of the coarse
mesh corrections, and hence, convergence of the scheme is
obtained for a much broader range of dissipation coefficients.
The factored scheme of (17) with constant coefficients
(e =¢, =6 =0.2) is used for this smoothing. Additional
robustness of the multigrid scheme is achieved by computing
more than a single time step on the coarse meshes. The use of

Table 1
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multiple time steps on the coarse meshes improves the damp-
ing characteristics on the coarse meshes. Thus, smaller values
of coarse-mesh dissipation may be used, which results in an
improvement of the convergence to the steady state. Finally,
the application of a full multigrid method provides a well-
conditioned starting solution for the finest mesh being consid-
ered.

Results
Before examining the accuracy and convergence behavior
of the three-dimensional scheme, it is appropriate to look at
the results of a simplified version of the code for two-dimen-
sional flows. There are several reasons for this. First, as
already mentioned, two-dimensional grids around airfoils

log 1 13p/rl I,
& I

1
@

~10

] I I
600 800 1000
multigrid cycles

~12

cmeasurement ™
— computation 10 — | x 100

6 2 4 6 .8 10 0o 2 4L 6 .8 10
X/C X/¢C

Fig. 3 Convergence history and distributions of pressure and skin
friction for flow around RAE 2822 airfoil, M_ = 0.73, « =2.79 deg,
Re_, =6.5 x 10°, grid 321 x 65, k® =1/32, and k® =1/2.

Convergence behavior for two- and three-dimensional flows. Numbers denote the multigrid cycles on the fine mesh

required to obtain the convergence criterion. Numbers in parentheses are the total computation times
in seconds on the CRAY-2. Dissipation coefficients K =1/32 and kP =1/2.

No. time
Turbulence steps on
Case Grid model coarse mesh 1% Cy. 0.1% C;. S.S. Pts. 10-3 Red. Cy. Cn
RAE 2822
Me=0.73
a=2.79 deg 321 x 65 B.-L. 2 14(32.9) 31(55.5) 41(68.9) 130(187.2) 0.8346 0.01727
Re =6.5x 10
ONERA-Mé6
Mo =0.84 289 % 65 x 49 B.-L. 1 6(886) 54(3745) 167(10412) 460(27580) 0.2677 0.01782
«a=3.06 deg
Rew = 11x 106 289 X 65 x 49 B. 2 4(810) 38(3204) 138(10244) — 0.2677 0.01782
ONERA-M6 289 x 65 x 49 B.- 1 21(2012) 44(3362) — —_ 0.5380 0.05559
My =0.84
«=6.06 deg 289 % 65 x 49 J.-K. 1 74(4944) 135(8482) —_— —_ 0.5085 0.05394
Rew=11x106 289 x 65 x 49 J.-K. 2 44(3638) 79(6102) — — 0.5085 0.05394
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generally exhibit less variation of the cell aspect ratio than
grids around finite-span wings. Second, three-dimensional
grids around the wing tip usually show considerable skewness,
which can slow down convergence. Finally, the three-dimen-
sional flow around the wing usually separates at the wing tip,
thereby forming a vortex sheet. The presence of the vortex
sheet can lead to unphysical values of the turbulent viscosity
in this region, which in turn may slow down or prohibit the
convergence of the time-stepping scheme.

In order to demonstrate the capabilities of the present
method, the transonic flow around the RAE 2822 airfoil is
considered. A coordinate grid of 321 x 65 points with 256
points on the airfoil surface is used for the computation. The
distance to the first grid point away from the wall is 1073
chords. A typical value of y * at the first grid point away from
the wall is 2 for this flow case. The resulting skin friction
distribution is not very sensitive to this choice, i.e., the skin
friction drag changes from 0.005446 to 0.005205 when dou-
bling the first grid spacing and to 0.005408 with half the
value. A detailed investigation of the effect of grid density on
the accuracy of the two-dimensional code has been presented
in Ref. 4. In the multigrid process, two time steps are executed
on each of the coarse meshes. The convergence behavior and
distributions of pressure and skin friction for M_ =0.73,
o =2.79 deg, and Re., = 6.5 x 10° are shown in Fig. 3. An
error reduction of 10 orders of magnitude is obtained within
340 cycles on the fine mesh. The lift coefficient converges to
0.1% within the final value in 31 cycles on the fine mesh, the
pressure drag in 32 cycles, and the skin friction drag in 19
cycles. By using additional convergence criteria as given in
Table 1, it is shown that engineering accuracy is obtained
within 40 multigrid cycles on the finest mesh.

Next, the transonic flow over the ONERA-M6 wing is
considered. A computational mesh with a C-type topology in
the streamwise direction and an O-type topology in the span-
wise direction and 289 x 65 x 49 points is used. The distance
to the first grid point away from the wall is 10~3 local chord
lengths, which corresponds to typical y* values of 3. There is
considerable skewness in the wing-tip region, as shown in Fig.
4. A somewhat coarser mesh also has been used with
193 x 49 x 33 points. Figure 5 shows the convergence behav-
ior of the three-dimensional scheme for M_ =0.84 and
Re_, =11 x 105. Two flow cases, namely, « = 3.06 deg with
attached flow and o = 6.06 deg with a strong separation on
the upper surface, are considered. For the attached-flow case,
the influence of the fourth-difference dissipation on conver-
gence is displayed in Fig. 5a. The coefficient of the second-
difference dissipation k‘® = 1/2 has been kept unchanged in
all computations. The convergence is not as good as for the
two-dimensional cases. The largest residuals occur at the wing
tip, where the grid is highly skewed. In order to investigate
the effects of grid skewness on the convergence, additional
runs of the code have been made using improved meshes, but
the convergence rates were hardly changed on these meshes.

near trailing edge

Fig. 4 Spanwise sections of mesh around ONERA-M6 wing.
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The decrease of residuals vs multigrid cycles is not much
affected by multiple time stepping on the coarse meshes (not
shown here). Apparently, there are high-frequency oscillations
on the fine mesh, which are only slowly damped, and this
behavior is not improved using more work on the coarse
meshes. The convergence of the global flowfield, however, is
improved as shown in Table 1. The improvements that are
obtained by multiple time stepping on the coarse meshes are
more pronounced for the separated flow case as shown in Fig.
Sb. Here, the interaction process between the shock and
separating boundary layers is considerably accelerated, and
converged values of lift and drag are obtained more rapidly
(see Table 1). From Table 1, it is evident that the solution of
the separated-flow case converges more rapidly with the Bald-
win—Lomax turbulence model than with the Johnson—King
model. This is due to the much larger size of the flow
separation with the Johnson—King model and a strong shock
boundary-layer interaction; see subsequent sections. The com-
putational penalty of the Johnson—King model per multigrid
cycle, however, is negligible. The dashed lines in Table 1 with
respect to the convergence of the number of supersonic points
for the separated-flow case indicate that about 250 multigrid
cycles were not sufficient for this criterion. However, the final
convergence rate of the residuals for the separated-flow case is
quite comparable to that for the attached-flow case. Hence,
an eventually converged solution can be expected for both
flow cases.
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Fig. 5 Convergence behavior for transonic flow around ONERA-M6
wing, M__ = 0.84, Re = 11.0 x 105, mesh 289 x 65 x 49. a) Influence
of fourth-difference dissipation on convergence, single time step on
coarse meshes, o = 3.06 deg, Baldwin—Lomax meodel. b) Convergence
for nonequilibrium Johnson-King turbulence model, & =1/32,
a = 6.06 deg.
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-—-193x49x33 grid

Fig. 6 Pressure distribution for ONERA-M6 wing, M, =0.84,
x=3.06 deg, Re,=11.0x10% k®=1/32, computed with the
Baldwin—Lomax model.
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Fig. 7 Comparison of pressure distribution on ONERA-M6 wing,
M_=0.84, o =3.06 deg, Re, =110 x 105, k® =1/32, Baldwin—
Lomax model, after 50 multigrid cycles with the fully converged result,
two time steps on the coarse meshes.

The pressure distributions along several spanwise stations
of the wing are displayed for the attached-flow case in Fig. 6.
The results of the 289 x 65 x 49 mesh agree well with those
from the coarser mesh and with experimental data.'® From
Table 1, it is evident that the global features of the flow
converge rapidly. Indeed, plots of the solution after 50 multi-
grid cycles and the values of lift, pressure drag, and friction
drag, which are displayed in Fig. 7, show virtually no differ-
ences to the fully converged solution. The effect of reducing
the coeficient of the fourth-difference dissipation from 1/32 to
1/64 (not shown here) is to slightly improve shock resolution.
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o emeasurement 16
—289x65x49 grid
=--193x49x33 grid

Fig. 8 Results for ONERA-M6 wing, M_ =084, a =6.06 deg,
Re, =11.0 x 10% k®=1/32, computed with the Baldwin—Lomax
model. a) Pressure distributions in four wing sections. b) Wall stream-
lines and isobars on the upper wing surface.

The total force coefficients for k¥ = 1/64 are C, = 0.2704 and
Cp,=0.01782.

Results for the separated-flow case are displayed in Fig. 8.
With the Baldwin—Lomax turbulence model, large discrepan-
cies between computation and experiment occur. The size of
the separated region is underpredicted, and consequently, the
shock is located too far downstream. The agreement between
computation and experimental data is greatly improved with
the Johnson—King model, Fig: 9. The size of the separated
region and location of the shock compare well with the data.
The wall streamlines show a mushroom-type structure that is
typical for wings at a high angle of attack. Table 1 shows that
approximately 80 multigrid cycles on the fine mesh are suffi-
cient for convergence to engineering accuracy. If the
193 x 49 x 33 grid is considered to be sufficiently fine, 80
multigrid cycles require less than 40 min CPU time on the
CRAY-2 computer.
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s emeasurement 1
—289x65x49 grid
---193x49%33 grid

Fig. 9 Results for ONERA-M6 wing, Ma_,  =0.84, o =6.06 deg,
Re,=11.0 x 10°, k®=1/32, computed with the Johnson—King
model. a) Pressure distributions in four wing sections. b) Wall stream-
lines and isobars on the upper wing surface.

Concluding Remarks

A cell-vertex scheme for the Navier—Stokes equations,
which is based on central-difference approximations and
Runge-Kutta time stepping, has been described. By using
local time stepping, implicit residual smoothing with locally
varying coefficients, a multigrid method, and carefully con-
trolled artificial dissipative terms, very good convergence rates
are obtained for two- and three-dimensional flows. Details of
the acceleration techniques, which are important for conver-
gence on meshes with high-aspect-ratio cells, have been dis-
cussed. In particular, the stability properties of the implicit
smoothing of the explicit residuals with coefficients, which

AIAA JOURNAL

depend on cell aspect ratios, have been analyzed. In general,

engineering accuracy is obtained within 40 multigrid cycles on

the fine mesh for two-dimensional flows, and within 50 to 80

multigrid cycles in three dimensions. The accuracy of the code
is examined by grid refinement studies and comparison with

experimental data. The results for attached- and separated-

flow cases show that the present code can be considered a

useful tool in the design of transonic wings.
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